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ABSTRACT: The linear viscoelastic (LVE) spectrum is one of the primary fingerprints of polymer solutions
and melts, carrying information about most relaxation processes in the system. Many single chain theories and
models start with predicting the LVE spectrum to validate their assumptions. However, until now, no reliable
linear stress relaxation data were available from simulations of multichain systems. In this work, we propose a
new efficient way to calculate a wide variety of correlation functions and mean-square displacements during
simulations without significant additional CPU cost. Using this method, we calculate stress-stress autocorrelation
functions for a simple bead-spring model of polymer melt for a wide range of chain lengths, densities, temperatures,
and chain stiffnesses. The obtained stress-stress autocorrelation functions were compared with the single chain
slip-spring model in order to obtain entanglement related parameters, such as the plateau modulus or the molecular
weight between entanglements. Then, the dependence of the plateau modulus on the packing length is discussed.
We have also identified three different contributions to the stress relaxation: bond length relaxation, colloidal
and polymeric. Their dependence on the density and the temperature is demonstrated for short unentangled systems
without inertia.

1. Introduction

The main challenge of entangled polymer dynamics is
replacing the many chains system by a single chain moving in
an effective self-consistent field. In the first approximation, this
field is assumed to be tubelike, ensuring that at some length
scales the chain moves only parallel to itself.1 Although the
tube theory can successfully explain many experimental results,2

it lacks a microscopic foundation and fails to answer many
questions on the length scale of the order of the tube diameter.
Such questions include the following.

• What is the entanglement or tube field restricting the chain
motion?

• Why does it not contribute to the stress? (or does it?)
• What are the statistical properties of the tube? For instance,

is it semiflexible on the length scale of tube diameter?
• What is the microscopic basis for the assumptions used to

describe constraint release in the linear and the nonlinear
regimes?

• What happens to the entanglements and the tubes after large
deformations or in fast flows?

• How does the branch point diffuse inside the tube?
Beyond these, many numerical parameters in the tube theories

are unknown and are usually assumed to be unity. Examples
include the ratio of the tube diameter to the tube Kuhn length,
the ratio of the friction inside the 1-d tube to that in unentangled
systems, the analogous ratio of the spring constants etc. The
more detailed slip-spring model3 can answer some of these
questions, but many of its assumptions still lack microscopic
foundations, most notably the constraint release mechanism and
the relation between virtual spring strength and the number of
these springs.

The most promising way to build the microscopic foundation
for the tube or the slip-links models is using molecular dynamics

simulations of many entangled chains. Molecular dynamics of
entangled polymers was pioneered by Kremer and Grest.4 They
showed almost 20 years ago that it was already possible to
simulate a minimal polymer model exhibiting some signs of
entanglements. At about the same time, Gao and Weiner5

dedicated several papers to the analysis of the microscopic
stresses in molecular dynamics simulations. Since these seminal
papers, many molecular dynamics algorithms have significantly
improved. In particular, several new methods were proposed
for the initial system preparation.6,7 However, the stress
relaxation of entangled polymers in the linear regime (the most
basic rheological function), has remained inaccessible. In their
papers, Gao and Weiner mainly reported the stress relaxation
after a large extension (λ ) 2). Recently, Sen. et al.8 calculated
the stress-stress autocorrelation function of the standard
Kremer-Grest model and claimed to have observed a plateau
for the chain lengthN ) 120. Zhou and Larson9 rightly
attributed this to noise in Sen’s simulations (see Figure 3, and
the corresponding discussion). Recently, Zhou and Larson9 have
calculated the stress relaxation function for one particular
semiflexible system, but did not investigate it in detail. In this
paper we use a new efficient method of calculating correlation
functions over many decades in time (up to 8 decades in our
case) without significant additional CPU cost. Using this method
has allowed the calculation of the stress relaxation functions
for a wide variety of systems both with and without bending
energy and for different densities and temperatures. Although
this paper answers none of the questions posed earlier, it
provides a starting point for a more detailed comparison with
the single chain models, which will follow in a subsequent
publication.10

In the next section, we will describe the model used in the
simulations and the method for calculating correlation functions.
Then we will present and discuss in detail the stress relaxation
function and the mean square monomer displacements for the
standard Kremer-Grest model. We will also briefly discuss the
cross-correlations between different chains. Then, we will
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explore the change in the stress relaxation function with density
and temperature and identify three different contributions to the
stress. In the next section, we will discuss the stress relaxation
for chains with bending energy and the dependence of the
plateau modulus on the packing length. The last section will
list the conclusions of the paper.

2. Model and Correlators

The model we use needs no introduction: it is exactly the
same model used by Kremer and Grest(KG).4 It consists of
purely repulsive Lennard-Jones beads connected by FENE
springs, and the strength of the springs is adjusted so that the
chains cannot cross each other:

whereR0 ) 1.5σ is the spring’s maximum extension andk )
30ε/σ2 is the spring constant. All quantities below will be
expressed in the units where the Lennard-Jones energyε,
Lennard-Jones radiusσ and the particle’s massm are equal to
unity. In particular, the elementary bond length relaxation time
scale isτ0 ) σxm/ε, and the unit of stress isε/σ3. Temperature
(kBT ) ε) is maintained using a Langevin thermostat with
friction ú ) 0.5, and the monomer density isF ) 0.85 unless
specified otherwise. We will refer to this parameter set as the
standard model.

It is worthwhile to ponder the reasons why reliable stress
relaxation functions for entangled systems were not calculated
in the 17 years after the Kremer-Grest and the Gao-Weiner
papers. The typical stress-stress autocorrelation function is
shown in Figure 1 for a chain lengthN ) 350 standard KG
model in log-log scale and on log-linear scale for early times
in the inset. Looking at the log-linear plot one may be tempted
to conclude that all the stresses have relaxed att ≈ 1 since the
amplitude of initial oscillations is significantly larger than the
amplitude of all other processes. The log-log plot is much more
revealing: it shows a total span of relaxation times of almost 8
decades, and this is just for a mildly entangled polymer (the
number of entanglementsZ is about 7; see later).

The plot illustrates two major difficulties in measuring the
stress relaxation due to entanglements in molecular dynamics:
(1) The time step has to be about 3× 105 times smaller than
the characteristic timeτe, where entangled dynamics starts to
appear. Since multichain simulations typically do not exceed
108 steps, we have only 2.5 decades of “interesting” information
to collect. (2) The value of the plateau modulus (≈10-2) is
almost 4 decades lower than the amplitude of stress fluctuations
G(0) due to bond length relaxation and other modes. Thus, the
signal-to-noise ratio must be much higher than 104 in order to
obtain accurate information about the plateau modulus and the
shape of the stress relaxation at long times.

It is obvious from Figure 1 that for accurate results the stress
has to be calculated at every time step. Indeed, if we calculate
the stress autocorrelation function using, say, every tenth point,
the noise at long times is much larger due to inaccurate
averaging over the bond fluctuations. However, storing 108

values of several components of stress is rather expensive (files
of 20 Gb or so), and postprocessing of these files is time-
consuming. The way around these problems is a correlator
algorithm widely used in photon-correlation spectroscopy.11,12

The algorithm involves an array of correlators, each correlator
containingP numbers (P ) 16 in our case). The first correlator
contains the instantaneous stress values; the second one contains
the averages ofM neighboring values etc. (we useM ) 2). At
every time step, the stress is calculated and placed in the first
cell of the first correlator, pushing all other values in this
correlator to the right. The numbers arriving to each correlator
are also added to an accumulator; whenM values are added,
the accumulator is divided byM and sent to the next correlator,

Figure 1. Stress relaxation for the standard KG model,N ) 350. The
inset shows the same data at an early time in log-linear scale.

Figure 2. Stress relaxation for the standard KG model.

Figure 3. Stress relaxation for the four longest chainsN ) 50, 100,
200, and 350 of the standard model, normalized by the Rouse behavior
t-1/2. A horizontal line on this plot corresponds to pure Rouse behavior.

ULJ(r) ) 4ε((σ/r)12 - (σ/r)6 + 1/4), r/σ < 21/6;

UFENE(r) ) -kR0
2/2 ln(1 - (r/R0)

2)
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and the accumulator is set to zero again. The early time
correlation function (firstP points) is calculated using the first
correlator, then the nextP(1 - 1/M) values are calculated using
second correlator, etc. Thus, for long times, instead of calculat-
ing correlations of instantaneous values of the stress, we
calculate correlations of average stress, and the averaging time
is aboutP times smaller than the argument of the correlation
function. In other words, the use of correlator involves the
following approximation

The error in this approximation is controlled byP and M
and is shown to be below 1% forP ) 16, M ) 2 for decaying
correlation functions.11 The last expression in eq 1 shows that
this approximation is similar to running averages used in refs,8,9

but we have the significant advantage of calculating all averages
on the fly without having to store and postprocess large volumes
of data. More detailed descriptions of the correlator and error
analysis will be published separately.12

Using this correlator algorithm, we can routinely calculate a
large variety of correlation functions for the entire time range
without a serious loss of CPU resources. We have also created
a correlator for the calculation of the mean-square displacement
of particlei, g1(i, t). In this case, one needs a separate correlator
for each particle in the simulation box and a small correction
for each correlator sinceg1 is not a decaying function (see ref
12 for more details). In order to improve the signal-to-noise
ratio further, each simulation presented in this paper was
averaged over 8-10 independent runs. Each run was performed
on a single 2.2 Ghz AMD processor, and the longest run (N )
350 standard setting) took almost a year. The performance of
the code developed in house is about 1.5µs per time step per
particle for large systems.

As reported in the literature,7 system preparation is one of
the most challenging steps. Since the preparation methods
developed in the literature are empirical, we used some of them
(i.e., good initial guess for single chain statistics plus slow push
off), but always allowed chains to reptate several times before
starting calculations of the relaxation modulus and other
quantities. Because of high precision achieved due to use of
correlators, we found that we can easily detect poorly prepared
systems. In particular, they showed high apparent plateau in
G(t) and theg1(i, t)/t1/2 for middle monomers showed no overlap
at early times for different molecular weights. Mean square
internal distances〈(Ri - Rj)2〉/|i - j| were closely monitored
for all systems as described in ref 7 and overlapped well between
different chain lengths for the same bending energy and density.

3. Results

3.1. Stress Relaxation.We start our discussion by presenting
the stress relaxation functions for the standard model for
different chain lengths. Figure 2 showsG(t) for N ranging from
1 to 350, with the longest relaxation function spanning 7.5
decades in time. TheN ) 1 case corresponds to a Lennard-
Jones liquid and does not show any oscillations. The curve for
N ) 2 shows the largest oscillations, and all other curves
collapse onto a master curve at early times. Although there is
no clear entanglement plateau even for the longest chainN )

350 (corresponding roughly to seven entanglementsssee later),
one can clearly see the inflection point and upward deviation
from the Rouse relaxation (slope higher than-1/2). In order to
amplify the deviations from the Rouse theory, we plott1/2G(t)
for N ) 50-350 (Figure 3). This plot has two advantagessthe
y axis becomes very compressed (i.e., all changes can be shown
in less than one decade), and all the deviations from the Rouse
theory are easily seen as deviations from the horizontal line. In
particular, we observe that fort < 30 there are deviations from
the Rouse model with the slope about-0.63. This will be
discussed in section 4. In contrast to ref,8 who claimed to see
a plateau in the stress-stress autocorrelation function forN )
120, we see that for a similar lengthN ) 100 the slope ofG(t)
does not deviate from the Rouse behavior, although the viscosity
and terminal time do (see Table 1 later).

Only the two longest chainsN ) 200 andN ) 350 show
clear deviations from the Rouse theory due to entanglements.
The longest chain simulated deviates by a factor 2.5 above the
Rouse “plateau” in this plot, which is significantly higher than
the noise in the simulations. Thus, we argue that the presented
data should be sufficient for determination of parameters
describing entanglements (such as the tube diameter or the
plateau modulus) by fitting it to an appropriate model. However,
the model has to be accurate for small number of entanglements
(e.g.,Z ) 4 andZ ) 7 in our case), otherwise an extrapolation
to large chain lengths will not be reliable. The quality of the
stress relaxation data is good enough in order to transform them
to storage and loss moduli by fittingG(t) curves with a set of
Maxwell modes. The results of this transformation are plotted
in Figure 4 for the four longest chains investigated. The shapes
of the curves are consistent with experimental data. The only
qualitative disagreement is that theG′ and G′′ obtained from
MD do not cross aroundτe, but are approximately parallel to
each other forω > 1/τe. In contrast to that, the experimental
melt data always haveG′′ > G′ at high frequency. We will
discuss this in more detail in the next section. Viscosity, zero-
shear rate compliance, and terminal time (defined as the
relaxation time of the slowest Maxwell mode) are reported in
Table 1.

Although the effect of entanglements is significant, the longest
chains are still far from the regime where reptation is dominant.
The number of entanglements is so modest that quantitative
comparison with the tube model is very dubious (see for
example ref13 for discussion of failure of the tube theory for
short chains). Thus, we compare our results with the more
detailed single chain slip-spring model,3 which can help with

F(τ) ≡ 1
T - τ ∫0

T-τ
f(t + τ)f(t) dt =

1
T - τ (Pτ)2 ×

∫0

T-τ-τ/P
dt∫-τ/P

0
f(t + τ + t′) dt′ ×

∫-τ/P

0
f(t + t′′) dt′′ ) (Pτ)2 ∫0

τ/P
dt′ ∫0

τ/P
dt′′ F(τ + t′ - t′′)

(1) Figure 4. Storage and loss moduli obtained by Maxwell modes fit to
the data from Figure 3.

6750 Likhtman et al. Macromolecules, Vol. 40, No. 18, 2007



the extrapolation to longer chains. A more detailed comparison
between molecular dynamics and the slip-spring model will
be reported separately.10

The slip-spring model3 is based on free Rouse chain
characterized as usual by three parameters: statistical segment
b, bead frictionú and temperatureT. Without loss of generality
we set them to unity and use them to define the units of space,
time and energy. Then in order to model entanglements, the
slip-spring model adds a set of virtual springs, fixed in space
at one end and attached to the Rouse chain by sliplinks, which
slide freely along the chain with a friction much smaller than
ú. Thus, there are two entanglement-related parameters: the
average number of chain beads between sliplinks,Ne and the
number of beads in the virtual springNs (this defines the spring
constant of each virtual spring,k ) 3kBT/Nsb2). Careful choice
of these two parameters will be discussed in the follow-up
paper,10 where we will show that the standard parameter set
used in3 is not the best choice to fit the detailed shape of the
mean-square displacement. However, it is good enough for
fitting the stress relaxation functions in order to obtain the
plateau modulus.

We used a fitting procedure similar to the one in ref 3: we
fix the slip-link parametersNs ) 2, Ne ) 16 andús ) 0.1,
precalculated stress relaxationG(t) for different chain lengths,
and then fitted the number of MD beads represented by one
bead in the slip-spring model,M0, and the elementary time
scale,τ0. The time τ0 is just a horizontal shift in Figure 5,
whereasM0 determines the plateau modulus, the spectrum width
and the shape of the curves. Note that we used 4 times more
fine-grained simulations than in ref 3 in order to fit the short
chains and early times more accurately. Figure 5 shows the best
two parameter fit by the dotted lines. This set of slip-link
parameters has a plateau modulus ofGsl ) 0.0367 in units where

b ) 1 andT ) 1. The plateau is defined as the plateau value of
G(t) of slip-spring model for infinite chain length. In practice,
it is obtained by simulating long chains with no destruction of
slip-links at the ends. The molecular dynamics stress signal was
scaled byFT/M0, whereF is the monomer number density. The
result of the fitting isM0 ) 2.73, τ0 ) 8, which leads to the
valueG0 ) 0.323, corresponding to the plateau modulusGN

(0)

) 0.012. If we useG0 as the third adjustable parameter, we
can obtain better fits (solid lines in Figure 5), with parameters

which has the combinationG0M0/F ) 1.12. The mean square

Table 1. Parameters of Simulated Systems Obtained from Stress Relaxation, Using Slip-Links Fitting (τ0, M0 and GN
0), Primitive Path Analysis

(Gppa), and Maxwell Modes Fitting (τd, η and J N
(0))

kb F C p τ0 M0 GN
(0) Gppa N Nc 10-3τrun 10-3τd η JN

0

50 30 400 6.9 33 17.6
3 0.85 4.12 0.286 0.88 0.624 0.058 0.044 100 70 1780 55 1880 26.5

200 100 2090 770 23 000 30

30 20 1277 2.3 133 13.6
5 (ev4) 0.85 3.6 0.36 0.98 0.644 0.0605 0.0396 50 20 879 5.2 294 14.2

70 30 1000 26 911 23.8
100 50 1250 76 2180 30.4

50 100 147 2.8 95.4 22.1
1.5 0.85 2.57 0.46 1.11 0.953 0.0371 0.0235 100 50 1000 26 516 41.2

200 70 925 105 2270 42.9

50 20 895 3.2 106 21.5
3 (ev2) 0.85 2.17 0.54 4.27 1.613 0.0233 0.0195 100 50 1000 14 324 38.4

200 70 1080 138 1750 70.4

50 30 3977 2.8 89.4 22.8
1.1 0.85 2.3 0.51 3.04 1.48 0.025 0.0201 100 50 727 14 304 38.1

150 50 553 56 788 57.2

50 50 48 2 45 25
0 0.85 1.75 0.67 6.89 2.7 0.013 0.0103 100 50 1850 7.96 129 46

200 70 1050 60 483 99
350 100 3000 303 1960 128

100 30 362 5.8 111 36.5
-3 0.85 1.44 0.82 16.6 4.14 0.0092 0.0063 200 50 972 21.9 269 64

350 100 1080 117 874 113

50 50 1240 7.4 309 16.4
0 1.05 1.57 0.607 23.5 2.24 0.0191 0.016 100 50 2620 44.8 843 38.6

161 50 5071 145.3 2052 55.2
241 70 3037 429 5594 68

100 50 172 2.9 32.4 67.7
0 0.6 2.02 0.825 2.38 2.88 0.0094 0.005 68 200 50 307 9.37 77.4 102

300 100 778 43.6 260 143

Figure 5. Best fit of MD results (symbols) for the four longest chains
with the slip-spring model, using two fitting parametersG0 and τ0

(dashed lines) and three fitting parametersG0, τ0 andM0 (solid lines),
together with its predictions forN ) 700 andN f ∞.

G0 ) 0.354,M0 ) 2.7,τ0 ) 7 f GN
(0) ) 0.013
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error of the fit is about a factor of 2 smaller than for the two
parameter fit, and we believe that it gives more accurate
predictions for the plateau modulusGN

(0) ) 0.013. The reasons
for the 12% deviation in the relationship betweenG0 andM0

are discussed later. In order to make an approximate connection
with the tube theory, we remind the reader that for largeN the
stress relaxation from the slip-spring model can be fitted with
the linear theory of Likhtman and McLeish15 to yield

These values were obtained from the best fit to the standard
slip-spring simulations15,16 (with Ne ) 4, Ns ) 0.5) and then
scaling the obtained parameters by factors of 4, 16, and1/4,
respectively. Thus, our estimates for the entanglement time in
molecular dynamics isτe ≈ 5800 and for entanglement
molecular weight (as defined by ref 15) isMe ) 72.

The value of the plateau modulus is more than a factor of 2
lower than the 0.03 reported by Sen et al.,8 and it is 30% higher
than that (0.0097) measured previously by actual deformation
of the MD sample.14 The latter disagreement can be explained
by the fact that no extrapolation to infinite chain length was
performed in ref 14. Our value for the plateau leads to an
entanglement molecular weightNe ) 4/5 FT/GN

(0) ≈ 51.5, if we
use the standard tube theory definition.1

It is interesting to check if the long time stress correlations
can be described by the usual Kramers formula for Gaussian
chains

where 〈b2〉 is the average mean square bond length. The
autocorrelation function of this stress expressionG(1)(t) ) V/T
〈σRâ

(1)(t)σRâ
(1)(0)〉 is shown on Figure 6 as filled squares for

unentangled chains ofN ) 41 (left) and for entangled chainsN
) 350 (right). One can see that Kramers stress relaxation

function is roughly proportional to the exact stress relaxation
function for t > 100 and is lower by about 25% for both
unentangled and entangled chains. However, if one assumes that
the different chains are not correlated with each other and
calculates the autocorrelation function of the Kramers stress
separately for each chain

one obtains a very different result as shown in Figure 6 by the
open squares. Although the result is less noisy due to the
averaging over many chains independently, it is substantially
lower and not even proportional to the total modulus in the case
of the entangled system. Thus, the cross-correlations between
different chains, which are usually neglected in both the Rouse
and the tube theories are especially important. Since these
correlations also exist for unentangled chains, they cannot be
attributed only to entanglements. We can also generalize the
stress defined in eq 3 to subchains of arbitrary lengths

where int(x) is the integer part ofx. The autocorrelation functions
for different strand lengthsmare shown in Figure 6 in the same
way as form ) 1: for the whole system and for each chain
assuming that different chains are not coupled. Surprisingly,
the results for the whole system collapse on top of each other
at late times form ) 2, 5, 10 (especially forN ) 350), but
they still underestimate the amplitude of the full stress by about
15%. We argue that the strands of lengthm ) 20 are already
comparable toNe and may cross entanglements, thus underes-
timating the stress. The decoupled stresses slowly approach the
coupled stresses as the strand length increases, suggesting that
the correlations between larger strands are less important.
However, the strand length cannot be increased any further than
20 because the longer strands will cut through entanglements.
The remaining 15% discrepancy between the Kramers stress

Figure 6. Normalized total stress (lines) for the standard KG model forN ) 41 (left) andN ) 350 (right) compared with the Kramers stress
expression for sub-strands of different length. Filled symbols include the crosscorrelations between different chains, whereas open symbols do not.

Me ) 26.8M0, τe ) 832τ0, Ge ) 0.045G0 (cν ) 0.1)
(2)

σRâ
(1)(j, t) )

3T

〈b2〉
∑
i)2

N

(Ri,j
R (t) - Ri-1,j

R (t))(Ri,j
â (t) - Ri-1,j

â (t));

σRâ
(1)(t) ) ∑

j)1

Nc

σRâ
(1)(j, t) (3)

Gdecoupled
(1) (t) )

V

T

1

Nc
∑
j)1

Nc

〈σRâ
(1)(j, t)σRâ

(1)(j, 0)〉

σRâ
(m) )

3T

〈(Ri - Ri-m)2〉
∑
j)1

Nc

∑
i)0

int((N-1)/m)-1

(Rim+1
R - R(i+1)m+1

R ) ×

(Rim+1
â - R(i+1)m+1

â ) (4)

6752 Likhtman et al. Macromolecules, Vol. 40, No. 18, 2007



expression and the total stress is probably due to the non-
Gaussian character of the sub-strands. Although this error should
decrease with increasing strand length, simulations of single
chains with a nonzero bond length (bonded potentialU(r) )
k/2(r - r0)2 with r0 ) 1 andk . 1) show a very similar, i.e.,
15% underestimation of the actual stress. This underestimation
decreases very slowly with increasing chain and strand lengths.

3.2. Mean-Square Monomer Displacement.Another useful
quantity traditionally measured in molecular dynamics is the
monomer mean-square displacementg1(t), which is plotted in
Figure 7 for the four largest chain lengths investigated. The
popularity of this quantity among computer simulators can be
directly traced to the predictions of Doi and Edwards.1 They
anticipated that this plot should show four different power laws
depending on the regime, and the tube diametera and the
elementary time scaleτe can be determined from the intersec-
tions of the power law fits. However, we find it very difficult
to identify any clear power-laws on this plot, at least for mildly
entangled systems (Z e 7) which can currently be simulated
using molecular dynamics. To amplify different features of this
plot, we calculate the mean-square displacement for every
monomer in the system. To reduce the amount of information,
we average these over groups of five monomers along the chain.
We then divide this average by the Rouse power-law,t1/2, and
present the results in Figure 8 for the same 4 systems as shown
in Figure 7.

First of all, we find that the picture is very rich and full of
features. For example,g1(i, t)/t1/2 of some monomers show two
maxima and two minima at intermediate times in the entangled
systems. We assume that the negative slope in this plot is related
to the slowing down due to entanglements as compared to the
Rouse model. If we trace the motion of monomers 25-30 for
N ) 350 (thick line) we see that it first shows a negative slope
(similar to the middle monomers) at aroundτe, when they first
discover they are in a tube. At a later time, aroundt ) 104, it
shows a positive slope, which can probably be interpreted as
the escape time from the tube. But then there is a second
downturn: here the monomer discovers that it is connected to
the other middle monomers, which are still inside the tube. To
progress again as a fast speed, it has to wait for the center of
mass motion, which happens at reptation timesthe time of the
final upturn of all the curves (it is actually higher than the
terminal time of stress relaxation by a factor 1.4 forN ) 50
and factor of 2 forN ) 350). We hope that the richness of this
behavior will make this plot useful for comparison between

molecular dynamics and the single chain models (see ref10).
Another point to notice is the absence of the second plateau
predicted by the Doi-Edwards theory between the Rouse and
the reptation times. We think this is due to two reasons. First,
the reptation time of our longest chain is only about a factor of
3 larger than the Rouse time. Second, the change of slope
expected at reptation time is 0.5, which is larger than the
transition expected atτe andτR (0.25). In other words, the center
of mass motion gives a strong signal, which obscures the subtle
transition at Rouse time. Thus, the determination of the tube
diameter from the transition at Rouse time proposed in ref9

appears problematic.
The first transition at the Rouse time of one entanglementτe

is slightly better defined, although it is clear that distinct power
law regimes are not observed. For timest < τe we assume
g1(i,t) ≈ C1t1/2 where C1 ) 0.543 is the value of the first
maximum in Figure 8 for the middle monomers. To get the
prefactorC2 in the relationshipg1(i, t) ≈ C2t1/4, we propose to
calculate the mean-square displacement with respect to the
center of mass,g2(i, t) ) g1(i, t) - g3(t), whereg3(t) is the
mean-square displacement of the chain’s center of mass. Then
we plot this quantity for the middle monomers divided byt1/4

in Figure 9saccording to Doi-Edwards theory this plot should
show a plateau forτe < t < τR. Since the data for our moderate
chain lengths do not show a true plateau and do not collapse to
the same curve, we defineC2 as the extrapolated value of the
maximum of this plot toN f ∞. Both the linear and quadratic
in 1/N extrapolations are shown in the inset of Figure 9. The
difference in the obtained asymptotic values provides some idea
of the extrapolation error. The obtained value isC2 ) 3.87(
0.1.

The tube diameter can be obtained from these two asymptotes
(see the Appendix of ref 15) as

The tube theory usually assumes that the chain ofNe monomers
should have a mean end-to-end distance ofa2. This argument
leads toNe ) 49 in striking agreement with the estimate from
the plateau modulus. We think that the agreement is probably
a coincidence since a priori there is no reason to expect that all
the prefactors in the tube theory are correct. However, these
findings contradict previous results by the Mainz group, who
claimed that the plateau modulus leads to largerNe than that
obtained fromg1(t). We also note that the slip-spring simula-
tions of very long chains indicate that the plot in Figure 9 shows
a maximum and then achieves a plateau (if any) at much longer
times. This shows that any tube diameter values obtained from
the mean-square displacement are very approximate.

4. Stress Contributions

Having discussed the result for the standard Kremer-Grest
model, we can now ask: what are the different contributions
to the stress relaxation function shown in Figure 2. It is obvious
that at early times,t < 1,the bond length equilibration plays a
huge role, being responsible forG(t) starting at about 60,
becoming negative several times before stabilizing at a value
around 1. At long times the contribution must be polymeric in
origin, i.e., arise due to the chain connectivity. However, the
slope ofG(t) for 1 < t < 30 is about-0.63slower than the
-0.5 slope predicted by the Rouse model. Is there a separate
contribution responsible for this deviation?

In order to answer this question we would like to get rid of
the oscillating bond relaxation contribution, which obscures the

Figure 7. Monomer mean-square displacement (thin lines) and mean
square central monomer displacement (thick lines) forN ) 50, 100,
200, and 350 of the standard KG model.

a ) C2x 3
C1

≈ 9.1
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features of interest in theG(t) curves. One effective way to do
so is to reduce inertia, which is ultimately responsible for the
early time stress oscillations. In Figure 10, we show that setting
the mass of the particles to zero and increasing the viscous
friction to ú ) 3.5 gives approximately the same stress relaxation
for long times (the small horizontal shift still needed shows that
our choice of ú ) 3.5 is not exact). However, the stress

oscillations are absent and the bond length relaxation is shifted
to earlier times compared to MD (making these simulations
about 30 times more expensive). Indeed, in molecular dynamics
the characteristic bond relaxation time is aboutτ ) xm/κ
whereκ is the spring constant of the bond (κ ) 981 for our
FENE + LJ bonded potential), and in the Brownian case with
zero massτ ) ú/κ.

Right panel of Figure 10 shows a rescaled and thus zoomed
in plot, which hints at the existence of a third process in between
the bond relaxation process and the polymeric contribution: a
small bump in the curve aroundt ) 0.1. In order to confirm
this, we performed Brownian dynamics simulations at different
densities as shown in Figure 11. If we normalizeG(t) by the
density, the low-density data collapse on top of each other
clearly showing a two-step relaxation. Increasing density leads
to the appearance of the third process, which we associate with
colloidal or glassy interactions between Lennard-Jones spheres.
Its range grows with growing density, thus pushing the
polymeric stress relaxation to later times.

A similar situation is observed when changing the temperature
but keeping the density constant atF ) 0.85: the glassy or
colloidal modes have a wider range at lower temperatures, as

Figure 8. Monomer mean-square displacement, normalized by asymptotic Rouse slope oft1/2 for each group of 5 monomers (lines). Open symbols
shows averages over all monomers. A horizontal line on this plot corresponds to pure Rouse behavior.

Figure 9. Mean-square displacement of the middle monomers with
respect to the center of mass of the chain, normalized by reptation
scaling t1/4. Inset: extrapolation of the maximum of these curves to
infinite chain length.

Figure 10. Stress relaxation for short chainsN ) 10 of the standard
KG model (points) and of the same model without inertia and friction
ú ) 3.5.

Figure 11. Stress relaxation normalized by the density for a system
of short chainsN ) 10 with no inertiam ) 0.
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shown in Figure 12. This picture also shows that the amplitudes
of different processes scale differently with temperature, making
time-temperature superposition impossible. Indeed, the ampli-
tude of the bond relaxation scales linearly withT, whereas
overlaying the polymeric contribution requires vertical shift with
approximatelyT1.9 scaling. One should note that all simulations
were performed at constant volume rather than constant pressure,
so contrary to the usual experimental situation, the glass
transition did not occur as we lowered the temperature. Further
illustration of the glassy relaxation is shown in Figure 13, where
simulation for longer chainsN ) 100 are presented at different
densities with inertia (m ) 1, ú ) 0.5). On the right panel one
can see that at the standard densityF ) 0.85 the deviation from
the Rouse behavior fort < 30 can be explained by glassy modes,
which disappear forF ) 0.4 andF ) 0.2. At higher densities
the glassy peak becomes very pronounced, and the glass
transition is observed at densities higher thanF ) 1.2 or so.

One can now ask the question: which simulation density
corresponds to the usual polymer melts such as polystyrene,
polyisoprene or polybutadiene? It is germane to note that for
all these polymers experimentalG′ andG′′ always cross each
other atωcross around 1/τe, and G′′ exceedsG′ at frequency
10ωcrossby a factor between 1.9 and 2.15 (e.g., tanδ(10ωcross)
≈ 2). However, the storage and loss moduli from the standard
Kremer-Grest model (Figure 4) do not cross each other and
go parallel with a slope around1/2. This behavior does not
change significantly for stiffer chains (see next section). The
only way to rectify this is to increase the density. In fact, the
system with the densityF ) 1.15 produces a shape ofG′ and

G′′ very similar to the experimental one. However, it is more
expensive to simulate.

5. Chain Flexibility

The stress relaxation and the plateau modulus are strongly
affected by the chemical structure of the chain, which can be
mimicked in the crudest approximation by tuning the potential
between bonded monomers. The packing model17 suggests that
the plateau modulus is determined only by the end-to-end vector
R0 and densityF via

wherep is a packing length. Here we would like to investigate
the effect of bending potential and density on the plateau
modulus and compare it with eq 5. We introduced the bending
energy as an additional harmonic potential

In this way the forces are pairwise and the force on the
particle i from the particlesj > i is

Thus, our bending potential corresponds to an attractive
harmonic spring 4kb between neighboring beads and a repulsive
kb harmonic spring between beads with chemical distance 2.

Figure 14 shows the stress relaxation curves for different
molecular weights and bending energies. Table 1 lists the
different systems investigated and the parameters obtained by
fitting G(t) with the slip-spring model. We varied the bending
energy fromkb ) 3 tokb ) -3, and also simulated two systems
where the bending potential was not applied to every second
or every fourth monomer (withkb ) 3 andkb ) 5 respectively).
Another system included in the table and the figures is a system
with no bending energy, but with a different density,F ) 0.6.
We fitted all the molecular weights of the same structure
simultaneously with the slip-spring model without bending
energy. We usedNe ) 16 andNs ) 2, ús ) 0.1, corresponding
to a model 4 times more fine-grained than the one used in ref
3. This was necessary in order to fit early time stress relaxation
more accurately. The fits were performed in two ways. The first
method involves optimizing two parametersG0 andτ0, and then
calculating the molecular weight in MD corresponding to one
bead in the slip-spring model as

This formula effectively assumes entropic elasticity at long
time scales (see3). The fits using this method are shown in Figure
14 by lines. The second method is to letM0 be the third fitting
parameter. We found that the most stable and reliable fits were
obtained when the mean square fitting error was calculated in
linear coordinates for the plotxtG(t), and MD data were
ignored fort j 0.1τe. The fits are satisfactory apart from a small
discrepancy for the stiffest chains aroundτe. We used the
parameterG0 in order to get the plateau modulusGN

(0) for
infinitely long chains by multiplying it by 0.0367, which is the
value of theG(t) from the slip-spring model with the specified
parameters for long time and infinite chains.

Figure 12. Stress relaxation for a system of short chainsN ) 10 with
no inertia at different temperatures and constant densityF ) 0.85.

Figure 13. Stress relaxation forN ) 100 standard Kremer-Grest
model with inertia for different densities.

GN
(0) ∼ p-3; p ) N

R0
2F

(5)

Ubend)
kb

2
∑
i)2

N-1

(ri+1 - 2ri + ri-1)
2

fi ) 4kb(ri+1 - ri) - kb(ri+2 - ri)

M0 ) FT
G0

(6)
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Figure 15 shows the obtained plateau modulus normalized
by the cube of the packing length as a function of packing length
using both methods. It also includes the results from the
primitive path analysis (PPA)14 performed on the final configu-
rations of the longest chains simulated for each system using
ESPResSo.18 The PPA procedure is described elsewhere.14

Several important conclusions can be drawn form Figure 14.
First of all, lettingM0 andG0 be independent leads to the plateau
modulus, which is about 15% larger than those obtained using
eq 6. This is consistent with results analyzed in Figure 6, where
we showed that the stress assuming Gaussian strands is about
15% lower than the actual stress. We thus conclude that the
second method (lettingM0 andG0 be independent) gives more
precise estimate of the plateau modulus. The fits are also of
course better because one more parameter is used, thus providing
more unique results. Fitting with the slip-spring model gives
results proportional to those from the PPA for semiflexible
chains, the first being about 30%-40% higher plateau modulus
than the second. It looks like the PPA systematically underes-
timates the plateau modulus. Within the experimental error, the
systems investigated so far lie on a mastercurve ifGN

(0) is
plotted as a function of packing length. However, it is desirable
to accurately simulate more systems to verify this statement. It
is also desirable to find the limits of its applicability. For
semiflexible chains, the results are consistent with the scaling
GN

(0) ∼ p-7/5, predicted by Semenov.19 The scaling behavior
GN

(0) ∼ p-3 observed by Fetters et al.17 experimentally is
obtained only for chains with negative stiffness or lower
densities and only from PPA results. The results from the slip-
spring model do not reach asymptotic behaviorGN

(0) ∼ p-3 at
least for our systems. The standard Kremer-Grest model
without bending already lies at the transition region from flexible
to semiflexible chains. However, a vast majority of synthetic
polymers collected by Fetters et al.17 do not show significant
deviations fromGN

(0) ∼ p-3 law. This (together with theG′/G′′
behavior at high frequencies discussed in the previous section)
leads us to question the applicability of the standard parameters
of the Kremer-Grest model (especially with positive bending)
for quantitative modeling of the usual flexible synthetic
polymers. However, it is perfectly suited for model development
and testing.

6. Conclusions

We have proposed an effective way to calculate time-
correlation functions in multichain molecular dynamics simula-
tions. Using this method, we have calculated stress-stress
autocorrelation functions for a wide variety of unentangled and
entangled systems of a bead-springs model with and without
bending energy. In order to obtain the plateau modulus of each
system, we fitted the stress relaxationG(t) with the slip-spring
model, which describes mildly entangled chains much better
than the tube model. We also performed the primitive path
analysis on all final configurations. The obtained plateau
modulus is very similar to those obtained from the slip-links
fitting. As a function of packing length, it followsp-3 law for
low densities or negative bending energy, andp-7/5 law for
positive bending energy. The standard Kremer-Grest model
without bending lies at the transition between these two regions.

The quality of theG(t) signal is sufficient in order to calculate
the loss and storage moduli. At the usual densityF ) 0.85 they
do not cross at high frequency around 1/τe and go parallel with
about1/2 slope. This contradicts the linear rheology of polymer
melts, whereG′′ always crossesG′ and exceeds it by a factor
of 2 or so at higher frequency. The bending energy does not
improve this, and only a significant increase in density up toF
) 1.15 or so can rectify this disagreement. In order to highlight
the role of different processes in stress relaxation, we switched
off inertia by setting mass to zero and systematically varied
the density and the temperature in theNVT ensemble. We
identified three processes which affect stress relaxation in the

Figure 14. Stress relaxation for systems with different bending
potentials. If just bending energykb is specified, it is applied to every
monomer. The labels ev2 or ev4 mean that the bending potential is
not applied to every second or every fourth monomer. Lowest two
groups of curves are for systems without bending but with different
densityF ) 1.05 andF ) 0.6.

Figure 15. Plateau modulus normalized by the cube of the packing
length for systems with different bending energies or densities. Key:
stars, results from the slip-links fits with independentM0 andG0 (fits
shown in Figure 14); circles, fits withM0 calculated from eq 5; squares,
results from the primitive path analysis. Lines correspond to predicted
scaling lawsGN

(0) ∼ p-7/5 for the semiflexible chains andGN
(0) ∼ p-3

for the flexible case. Lables refer to systems listed in Table 1. The
point for F ) 0.4 results from chainsN ) 300 and shorter, having too
few entanglements to yeild reliable PPA prediction. The error bar for
this point is larger than for other points.
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Kremer-Grest model: bond length relaxation, colloidal or
glassy mode due to collisions with different atoms (and probably
some collective cage motion at high densities), and polymeric
relaxation. The latter can be subdivided into Rouse and reptation
parts.

We have also analyzed the Kramers expression for the stress,
which includes only the intrachain contributions (although the
interchain interactions affect the end-to-end distance of the
strands in eq 4). If applied to subchains of various lengths from
2 to 20, it gives the result proportional to the trueG(t) but
underestimates it by about 15%. However, if cross-correlations
between different chains are neglected, the result is very different
and is not even proportional to the true stress relaxation at long
times. This fact poses a serious challenge to the tube theory,
which assumes that the relaxation of each chain is independent
from that of the surrounding chains. It also shows that at least
the prefactor in the relationship between the plateau modulus
and the molecular weight between entanglements is not trivial.
However, the asymptotic value forNe ) 49 obtained from the
mean square monomer displacement for the standard model
without bending is in good agreement with the one obtained
from the plateau modulus. Unfortunately, the analysis of the
mean-square displacement we have presented cannot be ex-
tended to chains with bending energy since the shapes ofg1(t)
and the scaling laws are strongly affected by the bending energy.

We hope that although this paper does not provide any
answers to the open questions of entangled dynamics, it will
provide a useful starting point for molecular dynamics simula-
tions studies in this direction. In particular, we demonstrated
that stress relaxation function can be now routinely accessed
and compared with the competing tube or slip-links models.
The next paper10 will be dedicated to a detailed comparison
between molecular dynamics and the slip-spring model.
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